QUOTIENT CURVES OF THE GK CURVE 



STEFANIA FANALI AND MASSIMO GIULIETTI 

Abstract. For every q — £^ with £ a prime power greater than 2, the GK curve 
X is an F^2 -maximal curve that is not Fg2 -covered by any Fg2 -maximal Deligne- 
Lusztig curve. Interestingly, X has a very large Fq2 -automorphism group with 
respect to its genus. In this paper we compute the genera of a large variety of 
curves that are Galois-covered by the GK curve, thus providing several new values 
in the spectrum of genera of Fq2 -maximal curves. 



1. Introduction 

Let Fg2 be a finite field with elements where g is a power of a prime p. An 
Fq2-rational curve, that is a projective, geometrically absolutely irreducible, non- 
singular algebraic curve defined over ¥q2, is called Fg2-maximal if the number of its 
Fq2-rational points attains the Hasse-Weil upper bound 

+ 1 + 2gq, 

where g is the genus of the curve. Maximal curves have interesting properties and 
have also been investigated for their applications in Coding theory. Surveys on 
maximal curves are found in [HI [T^l [IZl [Ml ES] and Chapter 10]; see also 

piiniiisiisniEi]. 

One of the most important problems on maximal curves is the determination of 
the possible genera of maximal curves over Fg2, see e.g. pi]. For a given q, the 
highest value of g for which an Fq2-maximal curve of genus g exists is q{q — l)/2 
[26] , and equality holds if and only if the curve is the Hermitian curve with equation 
Xi+^ = Y"^ + Y , up to Fq2-birational equivalence [29] . 

By a result of Serre, see [271 Prop. 6], any Fg2-rational curve which is Fq2-covered 
by an Fg2-maximal curve is also Fq2-maximal. This has made it possible to obtain 
several genera of Fg2-maximal curves by applying the Riemann-Hurwitz formula, 
especially from the Hermitian curve, see [SllSilliaiZlISlilllilSlEniilSlEIlES]. 
Others have been obtained from the DLS and DLR curves, see [SU [5l [6l [28] . 

The problem of the existence of Fg2-maximal curves other than Fg2-subcovers of 
the Hermitian curve, the DLS curve, and the DLR curve was solved in [23], where 
for every q = with i = > 2, p prime, an Fg2-maximal curve X that is not 
Fg2-covered by any Fq2-maximal Deligne-Lusztig curve was described. Throughout 
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the paper we will refer to X as to the GK curve. It should be noted that the 
construction in [23] has been recently generalized in p3] ; it is still an open problem 
to determine whether these generalizations of the GK curve are Fq2-subcovers of a 
Deligne-Lusztig curve or not. 

One of the most interesting features of the GK curve X is its very large automor- 
phism group with respect to its genus. In this paper we consider quotient curves 
X/L under the action of a large variety of subgroups L of Aut(A:'). By applying the 
Riemann-Hurwitz formula to the covering X X / L a. large number of genera of 
maximal curves is obtained, see Theorems 14. 5[ 14.61 15. 4[ 15.61 15. 7^ 16.21 16. 3[ 16.41 16.51 
16.61 17.21 17. 3[ 17. 7[ It should be noted that when L is tame and contains the centrum 
A of Aut(A'), then the quotient curve X /L has the same genus of the quotient curve 
of the Hermitian curve Ti over ¥£2 under the action of the factor group L/A, see 
Corollary 13. 4[ Apart from these cases, formulas for genera of quotient curves X /L 
appear to provide new values in the spectrum of genera of Fq2-maximal curve, cf. 
Section [HI One of our main tools for the investigation of the tame case is a relation- 
ship between the genus of X/L and that of the quotient curve of 7i with respect to 
the factor group L/(L fl A), see Section [31 



2. The GK curve and its automorphism group 

Throughout this paper, p is a prime, d. = and q = with h > 1, £ > 2. 
Furthermore, IK denotes the algebraic closure of Fg2. 
Let 



(1) h{X) = 



j(n-l) 

In the three-dimensional projective space PG(3,g^) over Fq2, consider the alge- 
braic curve X defined to be the complete intersection of the surface with affine 
equation 

(2) Z''-'+^ =Xh{Y), 
and the Hermitian cone with affine equation 

(3) Y^ + Y = X^+\ 

Note that X is defined over Fg2 but it is viewed as a curve over K. Moreover, X has 
degree £^ + 1 and possesses a unique infinite point, namely the infinite point Pqo of 
the y-axis. 

Theorem 2.1 ([23]). X is an ¥q2 -maximal curve with genus g = | + 2) + l. 

For notation, terminology and basic results on automorphism groups of curves, 
we refer to [251 Chapter 11]. 
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For every m G K, with m 7^ 0, consider the coUineation of PG(3,Fq2) defined 

by 

(4) au ■■ (X, Y, Z, T) {uX, uY, Z, uT) . 

For = 1, au defines an Fg2-automorphism of X. For "U 7^ 1, the fixed points 

of Uu are exactly the points of the plane ttq with equation Z = 0. Since ttq contains 
no tangent to X, the number of fixed points of au with m 7^ 1 is independent from 
u and equal to + 1. Let A = {au\u^ = !}• 

Theorem 2.2 The group A is a central subgroup ci/Aut(A:'). The quotient 

curve X/A is the Hermitian curve Ti over ¥p with equation X^^^ = Y^ + Y . The 
factor group Aut(A:')/A is isomorphic to PGU(3,£). 

If the non-degenerate Hermitian form in the three dimensional vector space V{3, 
over is given by Y^T + YT''- — X^~^'^ then the unitary group U(3,£) is the sub- 
group of GL(3,^^) whose elements U = (uij) are determined by the condition 
U^Da{U) = D where 

/ -1 
D = I 1 
\ 1 

and a{U) = (ufj). U(3,£) has order {i + + - 1). A diagonal matrix 

[u, u, u] is in U(3, i) if and only if = 1, and such matrices form a cyclic subgroup 
C of U(3,£). 

The (normal) subgroup SU(3, £) is the subgroup of U(3, i) of index £+1 consisting 
of all matrices with determinant 1. A set of generators of SU(3,£) are given by the 
following matrices: 

For 6, c G Ffi such that + c — b^~^^ = 0, and for a G ¥^2, a 7^ 0, 




a-" 






r 







a"-i 










-1 







a) 












Q{b,c) = \ bf 1 C \ ,Ra 



SU(3, nC is either trivial or is a subgroup of order 3, according as gcd(3, £+1) = 1 
or 3. The center Z(U(3,£)) coincides with C, and Z(SU(3,£)) = SU(3,£) n C. In 
this context, PGU(3,£) = U{?),€)/C . A treatise on unitary groups can be found in 
[Sa Section 10]. 

From each U G U(3,£) a (4 x 4)-matrix U arises by adding 0,0,1,0 as a third 
row and as a third column. Obviously, these matrices U with U G SU(3,£) form 
a subgroup F of GL(4,£^) isomorphic to SU(3,^). Since the identity matrix is the 
only scalar matrix in F, we can regard F as a projective group in PGL(4, Fq2). 

It is shown in ^23j that the group F preserves X , A centralizes F, and F fl A is 
trivial when gcd(3,£ -f 1) = 1 while it has order 3 when gcd(3,£ + 1) = 3. Let A3 
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be the unique subgroup of A of order - — Then by [231 Lemma 8] KvX{X) has a 
subgroup S with 

. ^_/rxA, when gcd(3, £ + 1) = 1; 

^' "~|rxA3, when gcd(3, £ + 1) = 3. 

When gcd(3,£+ 1) = 1, Aut(A') = H holds (see [231 Thm. 6 (i)]), whereas for 
gcd(3, £+ 1) = 3, A" has further Fg2-automorphisms. Let p be a primitive {i'^ + l)-st 
root of unity in Fg2, and let E be the diagonal matrix [p~^, p^^~^, 1, p~^]. Then E 
preserves A", normalizes F and commutes with A. Moreover, E ^ "E but E^ G S. 
By [23l Thm. 6 (ii)], if gcd(3,n + 1) = 3 then [Aut(A') : S] = 3 and S is a normal 
subgroup of Aut(A'). Moreover, F is a normal subgroup of Aut(A'). 

Both F and A preserve the set of points lying in the plane of equation Z = 0. 

Theorem 2.3 ([23j). The set of ¥g2 -rational points of X splits into two orbits under 
the action o/Aut(A'), one is non-tame, has size and consists of the ¥p-rational 

points on X ; the other is tame of size + — 1). Furthermore, Aut(A') acts on 
the non-tame orbit as PGU(3,£) in its doubly transitive permutation representation. 

Henceforth, the orbit of size £^ + 1 will be denoted as Oi, whereas the orbit of 
size + 1)(^^ — 1) by 02- Moreover, the natural projection from Aut(A') to 
PGU{3,i) will be denoted by vr. Let (p be the rational map (p : X —>■ Ti defined by 
: X : y: z) = {1 : X : y). 

For a subgroup L of Aut(A'), let L be the subgroup 7r(L) of PGU{3,i). 

Throughout the paper we will refer to the following maximal subgroups, defined 
up to conjugacy, of the group PGU{3,i), viewed as the group of the projectivities 
of P^(K) preserving the Hermitian curve Ti.. 

(A) The stabilizer of an F£2-rational point, of size — 1). 

(B) The normalizer of a Singer group, of size 3(£^ — i + 1). Here a Singer group 
of PGU{3, i) is a cyclic group of size i"^ — i + 1 stabilizing a point in H(¥q2) \ 

(C) The self-conjugate triangle stabilizer, of size 6(£+ 1)^. 

(D) The non-tangent line stabilizer, of size £{i + 1)(^^ — 1). 

3. Preliminary results 

Let L be a subgroup of Aut(A'). Let X/L be the quotient curve of X with respect 
to L, and let gi be its genus. If L is tame, that is p does not divide the order of L, 
then the Hurwitz genus formula for Galois extensions gives 

(6) {e + l){f-2) = \L\{2gL-2) + eL 
with 

(7) e,= J2i\Lp\-l), 



QUOTIENT CURVES OF THE GK CURVE 



5 



where Lp is the stabihzer of P in L. The aim of this section is to provide a formula 
which relates to the action of L on the Hermitian curve 7i, see Proposition 13.11 
below. Let = L f\ K. The factor group L/ is isomorphic to L, and the action 
of L/La on the orbits of X under A is isomorphic to that of L on Ti. 

As to the relation between and the analogous value Xlpewd-^pl ~ -'-)' ^^^^ 
standard arguments from permutation group theory it is not difficult to prove that 

(8) ^(|Lp| - 1) ■ mp = ( J](|Lp| - 1) ■ \r\P)\\ " E("^^ " I^^D' 

where mp denotes the size of the orbit of P under the action of the subgroup of L 
stabilizing the set 0~^(0(P)). However, we will not use ([8]), as this would require 
involved computations on m{P). As it has emerged from the literature, a more 
adequate approach is based on the equality 

(9) eL= Yl where Nh = \{P e X \ h{P) = P}\ 
(cf. [201 Eq. 4.7]). 

The ramification points of the morphism (p : X Ti. are exactly the points in Oi. 
At these points is fully ramified. The set Oi of the images of the points in Oi 
by in ?i is precisely the set ?i(F£2) of the F£2-rational points of Ti, whereas the 
image O2 of O2 by coincides with TC(¥g2) \ ?i(F^2). Any point of H fixed by some 
non-trivial element in PGU{3,i) lies in Oi U O2, see e.g. [20l Prop. 2.2]. 

In order to compute as in ([9]), it is convenient to write 

(10) N, = Ar« + ATf 
with 

Ar« = \{p e O, I h{P) = P}|, ATf = \{p e O2 1 h{P) = P}\. 

Proposition 3.1. Let L be a subgroup o/Aut(A'), and let L\ = L Ci A. Let 0\ = 
n{¥p) and O2 = n(¥^2) \ HiWp). Then 

CL = {\La\ - + 1) + I^Alni + \LA\n2 

where 

• ni counts the non-trivial relations h{P) = P with h & L when P varies in 
0\, namely 

ni= \{P^O,\h{P) = P}\- 

• n2 counts the non-trivial relations h{P) = P with h E L when P varies in 
O2, each counted with a multiplicity Ij^ p defined as the number of orbits of 
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(f>^^{P) under the action of L\ that are fixed by an element h G n^^(h). That 
is, 



n2 = \La\ Y k 



Proof. Note that 



(11) E ^'^= E E E^'^^' 

heL,h^id keLA,kj^id hGL,hj^id keL/^ 

where h E L is an element such that vr(/i) = h. For each non-trivial element k E L\, 
Nk = \Oi\ = {f + 1) holds. Therefore 

(12) Yl Nk = {\LA\-l){f + l). 

k£L/^,kytid 

As to the second term in the right hand side of ( fTTl) , write Nhk = A^^^ + Nj^f} , with 
A^S as in ([10]). As k{P) = P for each P G Ci, we have 

(13) E E<^ = I^aI E \{P^O,\hiP)=P}\. 

h£L,h^id fceLA h€L,hjtid 

It remains to compute J^heL h^id SfceiA ^m! ■ Since (f){k{P)) = 4>{P) for each P G A", 
condition {hk){P) = P yields that h{(j){P)) = <f){P). Therefore, 

E E E E ""=*^ 

where rnkj^ p = \{P G X, vr(P) = P, {hk){P) = P}\. By the orbit-stabilizer theorem 
Y^kaLA^kXP = \LA\k,p, whence 

E E'^S'^iiAi E E 'V- 

h£L,h^id keLA h£L,hjtid Pg02MP)=P 



Taking into account (!9l),(lTTj),(lT2j),(lT3l), this finishes the proof. □ 

The following corollary to Proposition 13.11 will be useful in the sequel. 

Proposition 3.2. Let L be a tame subgroup o/Aut(A'). Assume that no non-trivial 
element in L fixes a point in T-C\Oi. Then 

9l = 9l + 



(£3 + l)(£2_ 


\La\ 




1) 




|La|(£2-£-2) 


2\L\ 





where gi is the genus of the quotient curve Ti/L. 
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Proof. By (j6]) and Proposition 13.11 

(^3 + i)(£2_2) = |L|(2(7i-2) + (|LA|-l)(£'+l) + |LA| J2 \{P(^0,\hiP) = P}\. 

On the other hand, by the Hurwitz genus formula apphed to the covering Ti. Ti/L 
J2 \{P e O, I HP) = P}\ = - £ - 2) - \L\i2gi - 2), 

whence 

(£3 + i)(^2 _ 2) = |L| (2(7i - 2) + (|La| - + 1) + |La| -i-2)- \L\{2gL - 2). 

Then the claim follows by straightforward computation. □ 

When A (1 L, If^p = 1 for every h E L, and for every P E O2 with h{P) = P. 
Therefore Proposition 13.11 reads as follows. 

Corollary 3.3. Let L be a subgroup c»/Aut(A:') containing A. Then 

e^ = (f-i)(e + l) + (e-i + l) J2 \{Peni¥g2)\h{P)=P}\. 

We end this section with a result showing that if L is tame and A C L, then the 
genus oi gi is actually the genus of a quotient curve of the Hermitian curve Ti. 

Corollary 3.4. Let L be a tame subgroup 0/ Aut(A:') containing A. Then gi coin- 
cides with the genus of the quotient curve Ti/L. 

Proof. Let gn = i{i—l)/2 be the genus of TC, and let gi be the genus of the quotient 
curve Ti/L. Then by straightforward computation 

(14) {f + -2) = if-i + l){2gn - 2) + {f - + 1). 
Since L is tame, 

(15) 2gn-2=\L\{2gi-2)+ ^ \{P e HiWg^) \ h{P) = P}\. 

Note that \L\ = {(? — ^ + 1)\L\. Taking into account ^ and Corollary 13. 3^ gi = gi 
follows by straightforward computation. □ 

4. Curves X/L with L subgroup of a group of type (A) 

In this section subgroups L of Aut(A:') stabilizing a point P & Oi are investigated. 
Up to conjugacy, we may assume that L is contained in the stabilizer Aut(A')p^ 
of Poo in Aut(A'). By the orbit-stabilizer theorem the size of Aut(A')p^ is £^(^^ — 
1)(£^ — £+ 1). Since Aut(A')p^ is non-tame, in order to determine the genus of X /L 
we will use Hilbert's ramification theory, see [30l Ch. III.8]. 
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Let G be a subgroup of Aut(A:') and let P be a point of X. For an integer i > —I 
the i-th ramification group of G at P is 

G,(P) = {heG\ vpjh*{t) -t)>i + l}, 

where h* G Aut(IK(A')) is the pullback of h, vp is the discrete valuation of K(A') 
associated to P, and t is any P-prime element. The group Go(P) coincides with 
the stabilizer Aut(A:')p, whereas Gi(P) is the only p-Sylow subgroup of Gq{P), see 
e.g. [30l Prop. III.8.5]. Moreover, there exists a cyclic group H in Go(P) such that 
Go{P) = Gi{P) X H, see [251 Thm. 11.49]. The Hurwitz genus formula together 
with the Hilbert different formula (see e.g. [30t Thm. III.8.7]) gives 

oo 

(16) 2g-2 = \G\i2gG - 2) + ^ dp, with dp = ^(|G,(P)| - 1), 

Pex i=o 

where gc denotes the genus of the quotient curve X/G. 

Assume that G = Go (-Poo), that is every element in G fixes Poo- Since A* is a 
maximal curve, no p-element in G can fix a point P different from P^, see [25t 
Thm. 9.76] and p5l Thm. 11.133]. Therefore for any P ^ Poo the integer dp in 
( 1161) coincides with Go(P) — 1. The following result then holds. 

Lemma 4.1. For a subgroup L of Ant{X)p^, let g^ be the genus of the quotient 
curve X/L. Then 

oo 

(£3 + i)(^2 _ 2) = 1^1(2^^ - 2) + + ^(|L,(Poo)| - 1), 

i=l 

with Cl as in (^^. 

We now provide an explicit description of Aut{X)p^. For a G F^2 such that 
^(£2_^+i)(£2_i) _ 6, c G ¥i2 such that + c = b^~^^, let ^a,b,c be the projectivity 

in PGL(4, g^) defined by the matrix 

/a^'-^+i b\ 

bV'-'+^ a^'+i c 

a^' ' 

V 1/ 

It is easily seen that C.a,b,c = ^a,o,o6,fe,c, with ^1,^,^ e rnAut(A')p^. Also, by straight- 
forward computation ^a,o,o lies in Aut(A')p^. By a trivial counting argument, we 
then have 

Ant{X)p^ = {e.Ac I a(^^-^+i)(^^-i) = 1, 6, c G ¥,.,b'^' = c' + c}. 

The elements C,i^b,c form a subgroup of Aut(A')p^ of size i^; therefore the first ram- 
ification group of Aut(A')p^ at Pqo is 

{^i,b,c\b,ce¥p,b'+' = c' + c}. 
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In order to determine higher ramification groups at -Poo w'e need to compute the 
integer Vp^{h*{t) — t), with t a Poo-prime element, for automorphisms h = ^i^b,c- By 
[231 Sect. 4] 

Therefore, t can be assumed to be the rational function z/y. Since 

Ci,bA^) = z, Ci,bAy) = y + b^x + c 

we have that 



y{y + b^x + c) ' 
whence 

^2-^ + 2 if 6 ^ 



vpjei,bAt)-t)-[ £3 + 2 if 6 = • 
The following result is then obtained. 

Proposition 4.2. Let L be a subgroup ofAnt{X)p^. Then 

Ll{Poo) = L2{Poo) = . . . = L£2_^_,_i(Poo) = {^ifi^c I ii,b,c G L}, 

and 

Li2-^e+2{Poo) = L£2_i^^(P^) = . . . = Lf3+i(Poo) = {C,i,o,c I C,i,o,c G L}. 
For i > i'^ + 1 the group Li{P^) is trivial. 



As to the computation of in Lemma 14.11 the following fact will be useful. 

Lemma 4.3. Let L be a subgroup of Aut{X) p^ . Then any point of X which is fixed 
by a non-trivial element in L belongs to Oi. 

Proof. Assume that a E L fixes a point P E X \ Oi. Then 7r(a) is an element of 
PGU (3, t) fixing both the infinite point Poo of 7i and the point 0(P) in 7i \ l-LiW^). 
Then by [20| Sect. 4] 7r(a;) is trivial, that is a G A. Since any non-trivial element in 
r only fixes points in Oi, we obtain a = id. □ 

In Section H?T] we will deal with the case L = Si x E2, where Si is contained in F 
and S2 is a subgroup of A, see Section 14.11 To this end, we determine a subgroup fl 
of r n Aut(A:')p^ such that nnA = {id}. In Section gJl the case L = 7r"^(G') with 
G a group of type (A) will be dealt with. 

Let /ii be the highest power of 3 dividing i + 1. Let 

= {Ub,c I a ''I = 1}. 

Assume that a = ^a,b,c G fl A. Then clearly b = c = holds, whence a = ^a,o,o for 
some a such that a^^ = 1. Note that ^a,o,o ^ ^ implies ^^^^ = 1. But then 

a = 1 since gcd(^^^, £^ — £ + 1) = 1. Then the following holds. 
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Lemma 4.4. The subgroup generated by Q and A is the direct product Q x A. The 
projection it{Q x A) is a subgroup of the stabilizer of the infinite point P^o of H in 
PGU{3,£) isomorphic to Q. 

4.1. L = Si X Sa, Si < f], S2 < A. Let |Si| = mp'"+'" , where 

p-+- = |Sin{ei,UI, = |Sin{ei,o,c}|, 

and m is a divisor of — l)//ii. Let IS2I = ^2. Then by Lemma [4. 11 together with 
Proposition 13.11 and Lemma 14. 3[ it follows that 

i^-2e + e-2= md2p''+'"i2gL - 2) + {f - i + l){p''+'" - 1) + {f -_f + tjip"" - 1^ 
+ (4 - + l)+d, j:ReH^,)U^^\{P e O, I HP) = P}|, 

that is 

{2gL - l)md2P''+" = + - 4) l)p'"{p'' + £) + d2 

-d2 Z-HeniI:,)U^a\{P ^ O^, P ^ P^ \ HP) = P}\. 

In order to provide concrete values of genera (^l we are going to consider subgroups of 
PGU (3, t}p^ that are known in the literature, see [20] and [2]. To this end it is useful 
to note that in both papers [20] and [2] the group PGU {3, t)p^ is denoted as A{Poo), 
and that the subgroup t:{VL) of PGU{3,i) in the notation of both and [2] is the 
subgroup of index fii in A{Poo) consisting of elements [a, b, c] with a^^ -1)/^*! = 1. it 
should also be noted that for each Si < the integer ^/^^^(Si) hjtid \ {^ ^ ^i^P 
Poo I h{P) = P}\ is computed in [20] ■ From ([T7|) . together with Theorem 4.4 in 
I20l.it follows that 



_l^ + P-{e-£ + l)p"'(p^ + £)- d2{l^ + {d- l)pn - dp''+'") 
~ 2md^p^ ' 

where d = gcd(m, i + 1). 

The following result then holds. 

Theorem 4.5. Let c/2 be any divisor of i"^ — i + 1. 

(i) Let p ^ 2 and m \ P — 1 be such that 3 does not divide m and m > 1. 
Let d = gcd(m, / + 1) and let s := min |r > 1 : p** = 1 mod ^} . For each 
< w < h, such that s \ w, there exists a subgroup L c»/Aut(A:') with 

_ (/3 + 1)(Z2 _ p^) _ (/3 _ - dd2{l - p"") 

2md2p'^ 

(cf. [201 Prop. 4.6];. 

(ii) Let p ^ 2 and m \ I — 1. Let d = gcd(m, / + 1). Let s be the order of p in 



(Z/mZ)*, and let 



order of p in {Tj/^'^)* , fn even 
s, m odd 
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For each < v < h such that s \ v, and for each < w < h — 1 such that 
r I w, there exists a subgroup L of Aut{X) with 

+ l^d2 - (/2 - / + 1 - c/rf2)p^+"' - (/^ - + l)p'" - d2lp''{d - 1) 
~ 2md^p^ 

(cf [21 Thm. 1];. 

(iii) Let p ^ 2 and m \ — 1 be such that m does not divide I — I, and 3 does not 
divide m. Let d = gcd(m, / + 1). Let s be the order of p in (Z/mZ)*, and r 
be the order of p in (Z/(m/(i)Z)*. For each < v < h, such that v \ 2h, v 
does not divide h and s \ v, and for each ^ < w < h, such that r \ w, there 
exists a subgroup L of Aut{X) with 

+ l^d2 - (/2 - / + 1 - dd2)p'"^'" - {l^ -f + l)p'" - d2lp\d - 1) 
~ 2md2P''^'" 

(cf [21 Thm. 2]). 

(iv) Let p ^ 2. For each < v < h, and for each < w < h — 1, there exists a 
subgroup L of Aut{X) with 

_ + -1 + + /) + /rf2(p" - l^) - d2p''{l - p'^) 

~ 2dip^ 

(cf. [201 Thm. 3.2];. 

(v) Let p = 2. For all integers v,w with < v < w < h there exists a subgroup 
L of A\it{X) with 

+ 1"^ - -1 + 1)2'"{T + /) + ld2{T - f) - d22'"{l - 2"") 
9l - d22^+'"+^ 

(cf m Cor. 3.4(ii)];. 

(vi) Let p = 2. For all integers v,w with w \ h, w \ v, v \ 2h, 1 < v < n, and 
(2^ - l)/(2"' - 1) I (2^ + 1), there exist subgroups L of Ani{X) with 

_l^ + P-{P-l + 1)2^(2^' + /) + ld2{2''' - P) - d2'Z"'{l - 2"-) 
9l - ^22^'+"'+! 

for each v' with <v' <v. (cf [20, Cor. 3.4(i), Cor. 3.4(iii)];. 

(vii) Let p = 2 and h be odd. Let s \ h and < k < s. For each 1 < v < h ~ 1, 
such that V = s + k, and for each s < w < h — 1, there exists a subgroup L 
of Aut{X) with 

_ + + 1)2^(2^ + /) + ld2{T - - d22\l - 2"") 

3l - d,2^+"'+i 



(cf. [21 Thm. A]). 
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(viii) Let p = 2 and h be even and such that 4 does not divide h. Let s \ h be odd 
and < k < s. For each 1 < v < h — 1, such that v = 2s + k, and for each 
2s < w < h — 1, there exists a subgroup L o/ Aut(A') with 



9l 



+ + 1)2"'(2'' + /) + ^2(2" - P) - d22\l - 2"') 

(io2^+"'+i 



(cf. [21 Thm. 5];. 

(ix) Let p = 2 and write h = 2'^f, with e, / G N and / > 3 odd. For each divisor 
j of f, let kj be the order of 2 in (Z/jZ)* and rj = ^r^, where $ is the Euler 



function. For each 1 < w < h — 2, such that w = 2^ 1 + Xli-^^i h^i 
< Ij < Tj, there exists a subgroup L of Aut{X) with 

+ + l)2"'(2"'+i + /) + /rf2(2"'+i - P) - d22'"+\l - 2"" 



with 



9l 



c/222"'+2 



(cf. [21 Thm. 6];. 



4.2. L = Ti-\G), G < PGU{3,£)p^. Groups L = n-^iG) that have not al- 
ready been considered in Section 14.11 are groups tt~^{G) with G containing ele- 
ments [a, b, c] with a*-^^"^^/^^ 7^ 1 (again the notation of both |20] and [2] is used 



to describe elements in PGU{3, i)p^). Let \G\ 



mp 



v+w 



with gcd(m,p) = 1, and 



p^ = |{[a,6,c] G G 
m — ' " 



b = 0}|. Then it is easily seen that \L\ = mp^~^^ with 



+ l)m, and 

pV+w 



Clearly, L\ = A holds. 

By Lemma 14.11 together with Corollary 13.31 and Lemma 14. 3[ it follows that 



2^ + 



mp''+'"{2gL -2) + {f-i + l)(p^+"' - 1) + - f + i){j>'^ - 1) 

+(£2 - e){e + i) + {e-e + i) Er,g,-h^., \{p e \ h{p) = p}\. 



In order to provide concrete values of genera gi^^ are going to consider subgroups 
G containing elements [a, 6, c] with a^^ -^)/t^^ ^ 1 that have been described in either 
or 0. 



Theorem 4.6. (i) Let p ^ 2, m be an integer such that rh \ P — 1 and 3 | m. 

Let d = gcd(m, / + 1) and let s := min [r >1 : p^ = 1 mod ^} . For each 
< w < h, such that s \ w, there exists a subgroup L c»/Aut(A:') with 



9l 



{I - p^){l + 1 - d) 
2mp'^ 



(cf [201 Prop. 4.6];. 
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(ii) Let p ^ 2 and m \ P — 1 be such that m does not divide I — 1, and 3 | m. Let 
d = gcd(m, Z + 1). Let s be the order of p in (Z/mZ)*, and let 



For each < v < h, such that v \ 2h, v does not divide h and s \ v, and for 



5. Curves X /L with L subgroup of a group of type (B) 

In this section we investigate subgroups L of Aut(A') with L = Si x S2, where 
El is contained F, S2 is a subgroup of A, and L is a subgroup of a group of type 
(B). To this end, we determine a subgroup f2 of F such that 7r(f2) is contained in a 
group of type (B) and f2 fl A = {id}. 

The construction of VL requires some technical prehminaries, especially on the 
Singer groups of PGU{3,£). As in [7J, we use a representation of a Singer group up 
to conjugation in GL{3, q^). This will allow us to deal with diagonal matrices, thus 
avoiding more involved matrix computation. 



By [3, Prop. 4.6] there exists a matrix Ai in GL{3,q'^) \ GL{?),£'^) such that 
A\Da{Ai) = Di, with 



Then a matrix M is in SU (3, i) if and only if Mi = A^ -^MAi is such that 



Also, it is straightforward to check that the points of P^(K) whose homogeneous 
coordinates are the columns of Ai lie in H(¥g2) \ H(¥i2). 

Now we construct a group Qi of GL{3,q'^), contained in the conjugate subgroup 
of SU{3,i) by Ai. Let fi2 = gcd(£^ — i + 1,3). It is easily seen that either /i2 = 3 
or /i2 = 1 according to whether £ = 2 (mod 3) or not. Let n^2_^ be the group 



of (^— ^)-th roots of unity. As gcd(^— 1) = 1, for each A G n ^2_^+i there 



exists a unique A G U^^^i+i with A^+^ = A ^. Let Qi be the group generated by Di 






(18) 



M{Dia{Mi) = Di, det(Mi) = 1. 



and 



T 



WW 










ww^ 
w 
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where is a primitive {^—^^^^)-th root of unity. 

Let G =< T > and Ti =< Di >. It is straightforward to check that i7i = x Ti. 
Also, every matrix Mi in Qi satisfies (fT8|) . and thus for each Mi G Qi the matrix 
AiMiAi^ belongs to SU{3,i). 

For a matrix Mi G fii let e(Mi) be the projectivity in PGL{4, i"^) defined by the 
4x4 matrix obtained from AiMiA^^ by adding 0, 0, 1, as a third row and as a 
third column. Then e : ^7l — F is an injective group homomorphism. Let Q = e{Qi). 

Let Pi be the point of TC(¥g2) \ H(¥^2) whose homogeneous coordinates are the 
elements in the i-th column of Ai. Then the subgroup 7r(e(B)) is contained in the 
stabilizer of Pi in PGU (3, i). Also, the group 7r(e(Ti)) acts regularly on {Pi, P2, P3}. 

We now prove that f2 fl A = {id}. Let a G fl A. Since 7r{a) fixes every point in 
Ti, a G e(0). Taking into account that every non-trivial element in F fl A has order 
3, and that 3 does not divide the order of T, we obtain that a = 1. 

The following result then holds. 

Lemma 5.1. The subgroup generated by Q and A is the direct product Q x A. The 
projection 7c{Q x A) is a subgroup of a group of type (B) isomorphic to Qi. 

Let Pi = {xi,yi,l). As Pi G 7i(Fg2) \7i(F£2), up to a rearrangement of the indexes 
we can assume that X2 = xf ,y2 = yf, and 0:3 = , 7/3 = . 

For any point Qi = (xj, yi, Zq, 1) of X such that 4>{Qi) = Pi, the image e(T){Qi) of 
Qi by e(T) is the point (x^, y^, a^^x^+a^iy^+ass ^ 1)' '^^^^^ (^3i, 032, ass) is the third row 
of the matrix AiTA^^. Let Si = 031X4 + 032?/, + 033. Since T has order — £ + l)//i2, 
we have that _ Note that sf = S2 and sf" = S3 hold. 

Lemma 5.2. Any Si is a primitive ^-^^^-th root of unity. 

Proof. It is enough to prove the assertion for i = 1. Assume that = 1. Then also 
= 1 and s?^ = 1 hold. Therefore, e(T)™' fixes every point Q such that (piQ) = Pi 
for some i = 1,2, 3. Since i"^ — i + 1 > 3, the three lines joining Poo to the points 
(xj, i/j, 0, 1), i = 1,2,3, are fixed by e(T)"^ pointwise. As these three lines are not 
coplanar, e(T)™' is the identical projectivity of PG(3, K). This shows that i"^ — i+1 
divides m, and the proof is complete. □ 

Subgroups of the normalizers of a Singer group of PGU{3, n) have been classified 
up to conjugacy in [32l Chapter 4], see also [H Lemma 4.1]. As a straightforward 
consequence, the following result holds. 

Lemma 5.3. The following is a complete list of subgroups ofQ, up to conjugacy. 

(a) For every divisor d of {i"^ — i + 1)/ ^2, the cyclic subgroup o/e(0) of order d, 
i.e. the subgroup generated by e{T)^^ -e+i)/dfi2^ 

(b) For every divisor d of {i"^ — £ + 1)/ fi2, the subgroup of order 3d which is the 
semidirect product of the cyclic subgroup of e{Q) of order d with e(Ti). 

We deal separately with cases (a) and (b) of Lemma | 
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5.1. L = Si X S2, Si < e(e), S2 < A. Let Si =< e(T)*i >, with h = - 
i + l)/dfi2, and let S2 be the group generated by the projectivity defined by the 
diagonal matrix [1, 1], with P a primitive — £ + l)-th root of unity and ^2 

a divisor of £^ — £ + 1. Let d2 = {i"^ — i + I) / i2- Without loss of generality assume 
that Si = with k = when /i2 = 1 and A; > for /i2 = 3. In order to compute 
integers Ij^p as in Proposition 13. we need to investigate the action of Si on the 
orbits of (p'^^Pi) under S2. Fix Qi = (xi, yi, Zq, 1) G (p^^{Pi). The orbits of (f)^^{Pi) 
under the action of S2 are 

A, = {(xi, y,, P^zo, 1), (xi, yi, P^+'^zo, 1), . . . , (xi, 2/1, P^+^^'-'^'^zo, 1)}, 

with j = 0, . . . ,12 — 1- For 1 < t < d — 1, the orbit Aj is fixed by e(T)**^ if and only 
if 

p^s^^'' = for some n G Z, 



that is, 



Equivalently, 



3 til = v{i — i + 1) — ui2, for some u,v E Z. 



(19) i2\SHii. 

Similarly it can be proved that e(r)**^ fixes any orbit of 0~^(P2) (resp. ^"^(Ps)) 
under S2 if and only if i2\3''iHii (resp. ■i2|3^^^t^i). Since gcd(i2,^) = 1, either 
e(T)**i fixes all the orbits of (j)^^{{Pi, P2, P3}) under S2 or none, according to whether 
flTIJl) holds or not. 

If 3 does not divide 12, then f[T^ is equivalent to i2\tii. Therefore, the number 
of non-trivial elements in Si fixing one (and hence every) orbit of 0~^({Pi, P2, P3}) 
under S2 is equal to the number of common multiples of ii and ^2 that are strictly 
less than {i"^ — i + l)/fi2- If lcm(ii,i2) < (£^ — £ + l)//i2, then this number is 
/X2icmfa^i2) ~ ^1 1cm (2 1,^2) = i"^ — i + 1, then no orbit is fixed by a non-trivial 
element in Si. 

If 3 divides ^2, then (|T9l) is equivalent to ^\tii. Arguing as in the previous case, it 
can be deduced that the number of non-trivial elements in Si fixing one (and hence 
every) orbit of rH{Pi, A, P3}) under S2 is ^.i^^ff^/s) - 1- 

The last term of as in Proposition 13.11 can be written as 

\LA\n2 = IS2I ^ ^ Ih^p; 

heiiifi^id P(i{Pi,P2,P3}MP)=P 

then, it is equal to 

3(£^-£+l)( XS2) -l) if3tz2,lcm(zi,Z2)<(^^-^+l)//X2, 
if 3tz2, lcm(ii,i2) = 1, 

By ([6]) and Proposition 13.11 the following result holds. 
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Theorem 5.4. Let ^2 = gcd{e^ -i + 1,3). 

• For ii divisor of {i"^ — £ + 1)/ ^2, ^2 divisor of i"^ — i + 1 such that 3 f ^2 ond 
lcm(ii,i2) < {i'^ — i + l)//i2; there exists a subgroup L of Aut{X) with 

9l = \ ({i + 2)^l2^l^2 - + l)/i2^i - , . J + 1- 

2 V lcm(2i,22) / 

• For ii divisor of {i'^ — i + l)//i2, "^2 divisor of i"^ — i + 1 such that 3 f 22 O'lT'd 
lcm(ii,i2) = {i"^ — i + 1), there exists a subgroup L of Aut{X) with 

9L = l{i^ + - ^|^^) + 1- 

• For ii divisor of {i"^ — i + 1)/ fi2, ^2 divisor of i"^ —£ + 1 such that 'i\ 12, there 
exists a subgroup L o/Aut(A') with 

9L = \({£ + 2)fX2iii2 + l)f^2ii - f'''' ) + 1. 

2 V lcm(«i,«2/3)/ 

5.2. L = (Si X e(Ti)) x S2), Si < e(e), S2 < A. Here we assume that p ^ 3. 
Let Si =< e(T)*^ >, with ii = {i'^ — i + l)/d^2- Let S2 be the group generated 
by the projectivity defined by the diagonal matrix [1, 1], with (3 a primitive 

- £ + l)-th root of unity and 12 a divisor of - £ + 1; let ^2 = (^^ - ^ + l)/«2- 
The action of vr(L) on Ti is described in [8]. 

Lemma 5.5 (Proposition 4.2 in [8J). // ^2 = 1; then the group vr(L) has 3 short 
orbits, namely {Pi,P2,P3} and 2 short orbits of size d consisting of ¥ £2 -rational 
points ofTi. If ^2 = 3, then the only short orbit of 'k{L) is {Pi, P21 P^} ■ 

As a consequence, the last term | La 1^2 of cl as in Proposition 13.11 is just 

1^2! ^ ^ lh,P, 

heiiifi^id PG{Pi,P2,P3}MP)=P 

which has already been computed in Section 15. 1[ We will distinguish the cases 
/X2 = 1 and fi2 = 3. 

5.2.1. fi2 = I- Apart from {Pi, P2, -P3}, the group vr(L) has further 2 short orbits of 
size d consisting of F^2-rational points of H. By and Proposition 13. II the following 
result holds. 

Theorem 5.6. Let p ^ 3, gcd(£^ — £ + 1, 3) = 1. For ii, 12 divisors of {i'^ — i + 1) 
there exists a subgroup L o/Aut(A') with 
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5.2.2. fi2 = 3. The only short orbit of 7r(L) is {Pi, P2, P3}. By ((61) and Proposition 
13. li the following result holds. 

Theorem 5.7. Let gcd(£2 - £ + 1, 3) = 3. 

• For ii divisor of {i'^ — i + l)/3, ^2 divisor of i'^ — £ + 1 such that 3 f ^2 d'^d 
lcm(zi,Z2) < {i"^ — i + l)/3, t/iere exists a subgroup L o/Aut(A') with 



• For ii divisor of {i'^ — i + l)/3, ^2 divisor of i'^ — i + 1 such that 3 f ^2 one? 
lcm(zi, 12) = {i"^ — i + I), there exists a subgroup L 0/ Aut(A') with 



• For ii divisor of {i^ — i + l)/3, ^2 divisor of i"^ — i + 1 such that 3 \ i2, there 
exists a subgroup L o/Aut(A') with 



Remark 5.8. When L = n ^(G) with G a group of type (B), then by Corollary 13.41 



the genus gi coincides with gi. All the possibilities for gi are determined in [8]. It 
should be noted that the statement of Proposition 4.2(3) in [8j contains a misprint, 
as {q^ — q + 1 — 3n)/6n should read (g^ — g + 1 + 3n)/6n. 

6. Curves X/L with L subgroup of a group of type (C) 

In this section we investigate subgroups L of Aut(A') with L = Si x S2, where 
El is contained P, S2 is a subgroup of A, and L is a subgroup of a group of type 
(C). To this end, we determine a subgroup f2 of P such that 7r(fi) is contained in a 
group of type (C) and fl A = {id}. The construction of Q requires some technical 
preliminaries. In particular, a group conjugate to SU{3,i) in GL(3,g^) needs to be 
considered. 

Let 6, c G F^2 be such that b^'^^ = + c = — 1, and let 



Then A2 is a matrix in G'L(3,£^) such that A\Da{A2) = I3. A matrix M is in 
S'f/(3, £) if and only if M2 = A2^MA2 is such that 







(20) 



Mia{M2) = h, det(M2) = 1. 
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Let /ii be the largest power of 3 dividing and let Ili+i be the group of (— )-th 
roots of unity. As gcd(— , 3) = 1, for each A G Ue+i there exists a unique A G 11 ^+1 

^1 Ml n 

with A^ = A. Let ^2 be the the group generated by the matrices 

/I o\ AO o\ /o 1 o\ 

ri= 1 ,T2= I ,f/i= 1 ,t/2 = 

where w is a primitive (— )-th root of unity. Let ©i =< Ti >, ©2 =< T2 >, 
Ti =< Ui >, T2 =< U2 >7and T =< Ui, U2 >. 

It is straightforward to check that every matrix in Q2 satisfies fl20|) . and that 
Q2 = (©1 X ©2) XI Moreover, T is isomorphic to Sym^. For a matrix M2 G f22 let 
e(M2) be the projectivity in PGL{4,i'^) defined by the 4x4 matrix obtained from 
A2M2A2 ^ by adding 0, 0, 1, third row and third column. Then e : f22 — ^ L 
is an injective group homomorphism. Let Q = e{Q2)- 

Let Pi be the point in PG{2, i'^) whose homogeneous coordinates are the elements 
in the i-th column of A2. Then the subgroup 7r(f2) is contained in the stabilizer of 
the triangle P1P2P3 in PGU{3, i). 

We now prove that 1] n A = {id}. Let a G fl A. Since it (a) fixes pointwise the 
set of points in H belonging to the triangle P1P2P3 in PGf/(3,£), a G e(©i x ©2). 
Taking into account that every non-trivial element in F fl A has order 3, and that 3 
does not divide the order of ©1 x ©2 by construction, we obtain that a = 1. 

Therefore, the following lemma holds. 

Lemma 6.1. The subgroup generated by Q and A is the direct product x A. The 
projection '7r(fi x A) is a subgroup of a group of type (C) isomorphic to ^2- 

Note that the action of 7r(fi) on Ti can be viewed as the action of the group of 
projectivities defined by the matrices in Vt2 on the set of points of the plane curve 
with equation + F^+i + T^+i = 0. 

For a divisor of (£ + l)//ii and for i = 1, 2, let C^f' be the subgroup of e(©j) of 
order d. We consider subgroups Si of Vt of the following types: 

(a) CZ' X Cif ; 

(b) the cyclic subgroup of order generated by e(Ti)°'^e(T2)^'^^, with 
di a divisor of + 

(c) {Cf^ X Cif ) x T2; 

(d) (C^;^ X Cif ) X Ti; 

(e) {C^I^ X Cif ) X T. 

Cases (a)-(e) are dealt with separately. 

6.1. L = Si X S2, with Si as in (a), S2 < A, IS2I = d. The action of 7r(Si) on 
Ti was investigated in [201 Example 5.11]. Any non-trivial element in vr(Si) fixes no 
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point in 02- Moreover, 

J2 \{P^Oi\ h{P) =P}\ = {1 + + d2 + gcdK, 62) - 3). 

/iG7r(Si),/i7^id 

By ([6]) and Proposition 13.11 the following result holds. 

Theorem 6.2. Let /ii he the highest power of 3 which divides £ + 1. For any two 
divisors di, ^2 of {£+!)/ fj,i, and for any d divisor of + there exists a subgroup 
L o/Aut(A:') with 

_ ^ ^ + -d-1)- d{l + l)((ii + d2+ gcd(rfi, d2) - 3) 

2ddid2 

6.2. L = El X E2, with Ei as in (b), E2 < A, IE2I = By [201 Example 5.10] 
any non-trivial element in 7r(Ei) fixes no point in 02- Moreover, 

_ /iirfi(/-2)(/ + l) 

2(m) 

when (£ + l)/(/ii(ii) is odd, whereas 

_ ^ , /iic/i(/-3)(/ + l) 

2(7TT^ 

when + l)/(yUi(ii) is even. By Proposition 13.21 the following result holds. 
Theorem 6.3. Let fii be the highest power of 3 which divides 

• For any divisor di of {£+!)/ such that {i + 1) / (fiidi) is odd, and for every 
divisor d of i"^ — £ + 1, there exists a subgroup L 0/ Aut(A') with 

9L = \ (/^irfi (^^^^) {^'-d-l) + 2 

• For any divisor di of {£ + l)//ii such that {£ + l)/(/ii(ii) is even, and for 
every divisor d of i"^ — i + 1, there exists a subgroup L of Aut{X) with 

9L = \ (/^irfi (^^^1^) {e-d-i)- /xidi + 2 

6.3. j9 ^ 2, L = El X E2, with El as in (c), E2 < A, IE2I = d. As x cf^ is a 
normal subgroup of Ei, the subgroup 7r(T2) acts on the quotient curve 1-L/tx{C^^^ x 

C^-*). Such action is equivalent to the action of the involutory projectivity defined 

i+i i+i i+i 

by U2 on the plane curve £ with equation X +y ''i +T ''i =0. The fixed points 
of U2 on £ are the points on the line X = T, together with (—1, 0, 1) if (£ +l)/di is 
odd. It is straightforward to check that any point of Ti lying over one of those fixed 
points of X is F^-rational. As £ is non-singular, the genus g of £/U2 is given by 

^ ^ - - 2 V 2 = 2(2^ -2) + 2\{i+ l)/(2rfi)l , 



di J \ di 
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that is 

(21) ^^((£+l)/W-2)^^ if(f+l)Mi.even, 

and 

(22) g,((^+l)/W)-3K(^+l)/W-l)_ if„+i)/4„„dd. 

Note that no point in O2 is fixed by a non trivial element in 7r(Si). Also, since S/U2 
is isomorphic to 7^/7r(Si), from Hurwitz's genus formula it follows 

\{PeOi\ h{P) = P}\=e^ -i-2- 2d\{2g - 2). 

h<=:-K{'i:,i),h^id 

By ([6]) and Proposition 13.21 the following result holds. 

Theorem 6.4. Assume that p 7^ 2. Let /ii he the highest power of 3 dividing i + 1. 
For any divisor di of {i + l)//ii, and for every divisor d of i"^ — i + 1, there exists a 
subgroup L o/Aut(A:') with 

(£ + i)(£2-i) fe-i + i ^ 

^^ = ^ + a4 [~~d ' 

with g as in fl2Tl) for {£ + l)/di even, and with g as in fl22|) for {i + l)/di odd. 

6.4. p ^ 3, L = El X S2, with Si as in (d), S2 < A, IS2I = d. As C^^^ x Cf^ is a 
normal subgroup of Si, the subgroup 7r(Ti) acts on the quotient curve 1-L/tx{C^^^ x 
Cf''). Such action is equivalent to the action of the projectivity defined by Ui on 

i+i e+\ i+i 

the plane curve 8 with equation X '^^ +Y + T ''i =0. Let / be a primitive third 
root of unity in ¥(2. If 3 does not divide (£ + l)/(ii, then the fixed points of f/i on £^ 
are precisely (/, 1) and (/^, /, 1); otherwise no point on 8 is fixed by f/i. Arguing 
as in Section W?^ we get that 

\{P^O,\ h{P) = P}\=e-i-2- Ul{2-g - 2), 

where 

(23) ,,((^+l)/W-l)((^+l)/W-2)_ if 3^,,^!)/,^, 

6 

and 

6 

By ([6]) and Proposition 13.21 the following result holds. 
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Theorem 6.5. Assume that p ^ 3. Let fii be the highest power of 3 dividing i + 1. 
For any divisor di of (£ + and for every divisor d of i"^ — i + 1, there exists a 

subgroup L o/Aut(A:') with 

9l = g + - 



Gdf \ d 

with g as in ( 1231) when 3 does not divide (£ + l)/di, and with g as in ( l24l) if 3 | 

(£+i)M. 

6.5. p ^ 2,3, L = Si X E2, with Si as in (e), S2 < A, IS2I = d. As C^J^ x 
Cj^^ is a normal subgroup of Si, the subgroup 7r(T) acts on the quotient curve 
H/'n'{C^^ X C^^^). Such action is equivalent to that of all permutations of the 

e+1 e+1 e+1 

coordinates (X, Y, T) on the plane curve £ with equation X "^i +Y '^1 +T '^1 =0. 
It is straightforward to check that: 

• (X, y, T) ^ (T, y, X) fixes the points on the line X = T, together with 
(-1,0,1) if (£+ 1)M is odd; 

• (X, y, T) ^ (X, T, Y) fixes the points on the line Y = T , together with 
(0,-1,1) if (£+ l)/rfi is odd; 

• (X, y, T) 1-^ (y, X, T) fixes the points on the line X = y , together with 
(-1,1,0) if (£+ 1)M is odd; 

• (X,y,T) ^ (y,T,X) fixes the points (/, /^ 1) and (/^ /, 1) if 3 does not 
divide (£ + l)/(ii, and fixes no point if 3 | (£ + l)/(ii; 

• (X,y,T) ^ (T,X,y) fixes the points (/, Z^, 1) and (Z^, /, 1) if 3 does not 
divide (£ + l)/(ii, and fixes no point if 3 | (£ + l)/di. 

Therefore, for the genus g of the quotient curve of n/Tii&l^ X C^f ) with respect to 



- + 




di 



'12 if 3 I (£ + l)M,2 I (£ + l)/rfi, 

9 if 3 I (£ + l)M,2t(£ + l)/rfi, 

8if3t(^+l)M,2 I (£+l)M, 

[5if 3t(^+l)M,2t(^+l)M 

Arguing as in the preceedings Sections, we obtain the following result as a conse- 
quence of ([6]) and Proposition 13.21 

Theorem 6.6. Assume that p ^ 3. Let fii be the highest power of 3 dividing i + 1. 
For any divisor di of {£+!)/ /ii, and for every divisor d of i'^ — i + 1, there exists a 
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subgroup L o/Aut(A') with 



= ' + 124 ' 



with g as in (125 



Remark 6.7. When L = it~^{G) with G a group of type (C), then by Corollary 13 .41 
the genus gi coincides with gi. Some possibilities for gi are determined in [20] when 
either G is isomorphic to Si as in cases (a)-(b), or G is isomorphic to T. It should be 
noted that other possibilities for gi are computed here, namely the integers g as in 
(!2T l) .(!22 l) .(!23l).(l24l).( l25l) . To our knowledge these integers provide genera of quotient 
curves of the Hermitian curve that have not appeared in the literature so far. 

7. Curves X/L with L subgroup of a group of type (D) 

In this section we will consider the case where L is contained in one of the following 
subgroups Gi and G2 of PGU{3,i) stabilizing the line with equation X = 0. 

• Let \E'i be the subgroup of GLi^Sji"^) consisting of matrices 

/l 

with a{ = ai, = a4, a| = —as, ag = —(12, 0,1(^4 — 0,2(^3 = 1- Let Gi be the 
subgroup of PGL{3,i'^) of the projectivities defined by the matrices in \E'i. 
Clearly Gi is isomorphic to \E'i. It is straightforward to check that \E'i is a 
subgroup of SU (3, £); in particular, Gi is a subgroup of PGU (3, i) preserving 
the line X = 0. Also, it is easily seen that the map 



-^01,02,03,04 



ai Xa2 
asA^^ a4 



with ^ = —1, defines a isomorphism of \I'i and SL{2,(^), and the action 
of Gi on the points of Ti on the line X = is isomorphic to the action of 
SL{2^e) on the projective line PG{l,i). 

Let G2 be the subgroup of GL{3, f') generated by the projectivities defined 
by the matrices 



W 



with a ranging over the set of non-zero elements in ¥(2. It is easily seen that 
G2 is a subgroup of PGU{3, i) preserving the line with equation X = 0, and 
that G2 is isomorphic to the diedral group of order 2(£^ — 1). 












(a 














1 , M„ = j 





a^+1 






1 


0) 




^0 
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7.1. L subgroup of Gi. Let VL be the subgroup of PGL{4:, i"^) consisting of matrices 
^21,02,03,04, with Maj^^a2,a3,a4 ^ ^1- As is Contained in SU{3,i), we have that fl is 
actually a subgroup of F. It is straightforward to check that ^7 fl A is trivial. Also, 
Gi = tt{Q) clearly holds. 

Lemma 7.1. Any non-trivial element in Gi fixes no point of Ti outside the line 
with equation X = 0. 

Proof. Assume that M^^ a2,a3,a4(a;i, l/i, ^i)* = Z/i, ^i)* for some G K, 7^ 0, and 
for some (xi, yi, ti) G with Xi 7^ and x^^^ = y{ti + yit\. Clearly this can only 
happen ioi q = 1 and yiti 7^ 0, whence we can assume that ti = 1 and that 

(ai - l)yi + 02 = 0, asT/i + (04 - 1) = 0. 

Taking £-th powers in both equalities we then have 

(ai - l)y[ - a2 = 0, -a^y[ + {a^ - 1) = 0. 

It is then straightforward to deduce that ai = 1, 02 = 0, 03 = 0, 04 = 1, that is 

Assume that L is a tame subgroup of Aut(A') with L = Si x S2, where Si < 
and S2 < A. Let d = IS2I. By Proposition 13.21 we then have that 

[e + i)[e-d~i)-d{e~d-2) 
= + 2d)^\ 

where gi is the genus of the quotient curve 7i/7r(Si). 

In [8] a number of genera of quotient curves 7i/7r(Si) with Si a subgroup of VL 
are computed. The following results are then straightforward consequences of f l2Bl) 
together with Proposition 3.3 in [S]. 

Theorem 7.2. Assume that p = 2. 

Let d be any divisor of i"^ — i + 1. Then there exist subgroups L 0/ Aut(A:') with 
the following properties. 

• For any e \ i + 1, \L\ = de and 

• For any e \ i — 1, \L\ = de and 

Theorem 7.3. Assume that p ^ 2. Let d be any divisor of i"^ — i + 1. Then there 
exist subgroups L 0/ Aut(A') with the following properties. 
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For any divisor e of {i + l)/2, \L\ = 2de and 



1 ^^' + 1(^2_^_;l)-(£+1))+1. 



d 



For any divisor e of {i+ l)/2, \L\ = Ade and 



9l 



8e 



+ 1 
d 



(£2-ci-l)-(£+l)-2o +1, 



with 



2e if^=l (mod 4) 
i/£ = 3 (mod 4)' 
For any divisor e or {i — l)/2, \L\ — 2de and 

For any divisor e or {i — l)/2, \L\ — 4de and 



1 / /3 I 1 

' (f - (i - 1) - (£ + 1) - 2o ) + 1 



d 



with 



— 



4e - 2 ifi=l (mod 4) 
2e - 2 if £ = 3 (mod 4) 

Whenp >5,£'^ = 1 (mod 16), \L\ = 48d and 



9l 



1 

96 



d 



-(£'-d-l)-(^ + l)-2o +1, 



with 



with 



o = < 



'46 


tf£^ 


1 


(mod 4) 


and £ = 1 


(mod 3) 


30 


if£ = 


1 


(mod 4) 


and £ = 2 


(mod 3) 


' 16 


ifi = 


3 


(mod 4) 


and i = 1 


(mod 3) 




v 


if£ = 


3 


(mod 4) 


and £ = 2 


(mod 3) 


|i| = 


2Ad and 












(£2 


-d-1) 


-(^ + 1)- 




= 1| 

48 ' 


K d 


2o^ + 1, 


'22 


ifi = 


1 


(mod 4) 


and £= 1 


(mod 3) 


6 


ifi = 


1 


(mod 4) 


and £ = 2 


(mod 3) 


-16 


if£ = 


3 


(mod 4) 


and £ = 1 


(mod 3) 





if£ = 


3 


(mod 4) 


and 1 = 2 


(mod 3) 
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When p >7, 



= 2i0 i -d-l)-{i + l)-2o]+l 



'mod 5), \L 
" + 1 



120d and 



with 



'118 




(mod 3), 


£=1 


(mod 4) 


and i 


'=1 


(mod 5 


78 


ifi = 2 


(mod 3), 


e = i 


(mod 4) 


and { 


'! = 1 


(mod 5 


78 




(mod 3), 


e = 3 


(mod 4) 


and I 


'!= 1 


(mod 5 


48 


zfi = 2 


(mod 3), 


e = 3 


(mod 4) 


and I 


1=1 


(mod 5 


Wo 




(mod 3), 


£ = 1 


(mod 4) 


and I 


l = A 


(mod 5 


30 


zfi = 2 


(mod 3), 


i = i 


(mod 4) 


and I 


l = A 


(mod 5 


40 




(mod 3), 


e = 3 


(mod 4) 


and I 


l = A 


(mod 5 


.0 


zfi = 2 


(mod 3), 


1 = 3 


(mod 4) 


and I 


l = A 


(mod 5 



Remark 7.4. It should be noted that by the discussion in [HI Sect. 3], Theorems 
17.21 and 17^ describe genera gi for all tame subgroups L = Ei x S2 such that Ei is 
a subgroup of VL containing the diagonal matrix J = [1, —1, 1, —1], and E2 < A. 

7.2. L subgroup of G2- We determine a subgroup of F such that 7r(fi) is con- 
tained in G2 and f2 fl A = {id} holds. Let /zi be the maximum power of 3 dividing 
£+ 1, and let 7 be a primitive ((£^ — l)//ii)-th root of unity in ¥p. Let VL the group 



generated by the projectivities defined by the matrices = [7 



2-£ y+ 



"\7,1] and 



W 



/-I 









1 



o\ 

1 



0/ 



Lemma 7.5. The group tt{VL) is contained in 6*2 ■ 

Proof. The image by vr of the projectivity defined by is associated to the matrix 













This is the matrix Ma for = 7^ ^, as (7^ = (^^ 1 ^ 1) = 7^+1. 

The image by vr of the projectivity defined by W is associated to the matrix 

-1 0^ 
W'= \ ^ 1 
1 0, 



Since for a = 
is complete. 



-1 we have MaW 



W, this projectivity belong to G2, and the proof 

□ 
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Lemma 7.6. The intersection QCl A is trivial. 

Proof. Any element a in f2 fl A is defined by a diagonal matrix of Q, that is 
for some i. Moreover, = 1. Since 7^(^'-i)//^i = 1 

and gcd(£^ — £ + 1, — = 1, this can only happen 7* = 1. Then the assertion 

is proved. □ 

By the above lemmas, the map tt defines an isomorphism of Q onto the subgroup 
of G2 generated by the projectivities defined by W and Ma, with a an ((£^ — 
th root of unity. A number of genera of quotient curves 7i/7r(Si) for Si tame 
subgroup of 7[{Q) have been established in [20l Thm. 5.4, Ex. 5.6]. Taking into 
accout Proposition [3]2l we are in a position to compute genera for tame subgroups 
L = Si X ZI2 with Si < f2 and S2 < A. 

Theorem 7.7. Assume that p ^ 2. Let fii be the highest power of 3 dividing 

Let d be any divisor of i"^ — i + 1. Then there exist subgroups L 0/ Aut(A') with the 

following properties. 

• For any divisor e of — l)/yUi, \L\ = 2ed and 

9L = j^ (^^^^' - - 1) + + 1)(1 - M - m) + 2(e + m) - 5 



where u = gcd(e, i + I), u = gcd(e, i — 1), 
6 = 



ife divides {f - l)/2 
otherwise 



When £ = 1 (mod 4), for any even divisor e of i — 1, \L\ = 2ed and 
When i = 3 (mod 4), for any even divisor e of i — 1, \L\ = 2ed and 

1 A^' + l)..2 



^"-^Te -d-l)-i + 2e + 3 

When £ = 1 (mod 4), for any odd divisor e of £ — 1 , \L\ = 2ed and 



When £ = 3 (mod 4), for any odd divisor e of £ — 1, \L\ = 2ed and 

1 f{£^ + 
4e V d 



g^ = l(il±}l^f-d-l) + 2e + 2 
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Remark 7.8. When L = tt^^^G) with G a group of type (D), then by Corollary 
13.41 the genus ql coincides with gi. As already mentioned in the present section, 
a number of possibilities for gi are determined in [HI Prop. 3.3], and in [201 Thm. 
5.4]. 

8. The case i = 5 

To exemplify how the results of this paper provide many new genera for ¥^2- 
maximal curves we consider in this section the case q = 5^. Up to our knowledge, 
the 32 integers listed in the following table are new values in the spectrum of genera 
of Fse-maximal curves. 



New genera of F56 -maximal curves 



9 


Ref. 


9 


Ref. 


5 




9 


i3Ki),[72] 


14 


\A.5\n) 


21 


raii) 


22 


15.41 15.71 


25 


16.61 


27 




37 


16.21 16.5U7.31 1771 


38 


rai),S3](ii),E3l[72] 


70 


isrin.isn 


73 


16.61 


74 


17.31 


76 


ran. I4.5hn. 16.21 |6.3l I6.4l 17.31 17.71 


77 


17.71 


86 


raiv) 


109 


[^21 17.71 


121 


16.51 17.31 


140 


|4.5[in 


148 


\5J[ 16.51 


180 


[6210 


208 


15.41 


220 


ran. ram. [oi miio^rmrm 


221 


17.71 


241 


16.61 


242 


17.31 


282 


|4.5riv) 


361 




362 


l45i:i),l45Kii),[l3lE7] 


442 


I4.5riv). 15.41 16.2116.31 


484 


[5T1I631 


724 


ran. I4.5if in. 16.21 16.31 16.41 17.31 17.71 


725 
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